A SYMPLECTIC NON-SQUEEZING THEOREM FOR BBM 

EQUATION 

DAVID ROUMEGOUX 

Abstract. We study the initial value problem for the BBM equation: 

J ut + Ux + uux — utxx — X £T,t £R 
C^ ■ \ u{0,x) — uo{x) 

We prove that the BBM equation is globaly well-posed on _ff*(T) for 
O ■ s > and a symplectic non-squeezing theorem on J/^"(T). That is to 

say the flow-map uq i— >■ u{t) that associates to initial data uq £ H^'^{T) 
the solution u cannot send a ball into a symplectic cylinder of smaller 
width. 
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1. Introduction 



< 

,^ . In 1877 Joseph Boussinesq proposed a variety of models for describing 

j^ I the propagation of waves on shallow water surfaces, including what is now 

refered to as the Korteweg-de Vries (KdV) equation. A scaled KdV equation 

reads 
p^ ; ut + Ux+ e{uux + u^xx) = 0. 

^' \ The Benjamin-Bona-Mahony (BBM) equation was introduced in [1] as an 

ly-s ' alternative of the KdV equation. The main argument to derive the BBM 

cn ■ equation is that, to the first order in e, the scaled KdV equation is equivalent 

to 

P: ; ut + Ux + e{uux - Utxx) = 0. 

O \ Indeed, formally we have ut + Ux = 0{e), hence Uxxx = —utxx + 0{e). 

In this article we shall consider the rescaled BBM equation: 



Ut + Ux+ UUx - Utxx = 0. 



In 2009, Jerry Bona and Nikolay Tzvetkov proved in [5] that BBM equa- 
te I tion is globaly well-posed in i?*(R) if s > 0, and not even locally well-posed 
for negative values of s (see also [8]). The result extends to the periodic 
case (see section [3] below) . Let us denote $t the flow map of BBM equa- 
tion on the circle T. In this article we prove a symplectic non-squeeezing 
theorem for <I>j. That is, the flow map cannot squeeze a ball of radius 
r of H^''^(T) into a symplectic cylinder of radius r' < r. Precisely, let 
H^^'^iT) = {ue H^/'^l j^u = 0} with the Hilbert basis 



^" (^) = ^ T,^J+i) cos(nx), v?„ {x) = ^-^-^—^ sin(nx). 

Set 

Br = [u e hI^\t) / \\u\\^^„ < r^ , 
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Cr,no = [u= YjPn^n + Qn^n ^ ^d^^(T) /pI^ + Quo < r^} ■ 

The goal of this paper is to prove 

Theorem 1.1. If <^tiBr) C Cr^uo then r < R. 

S. Kuksin initiated the investigation of non-squeezing results for infinite 
dimentional Hamiltonian systems (see [7] ) . In particular he proved that non- 
linear wave equation has the non-squeezing property for some nonlinearities. 
This result were extended to certain stronger nonlinearities by Bourgain [3] , 
and he also proved with a different method that the cubic NLS equation on 
the circle T has the non-squeezing property. Using similar ideas Colliander, 
Keel, Staffilani, Takaoka and Tao obtained the same result for KdV equation 
on T (see [1]). 

In this article we will use the original theorem of Kuksin. In section [21 
we present the construction of a capacity on Hilbert spaces introduced by 
Kuksin in [7]. This capacity is invariant with respect to the flow of some 
hamiltonian PDEs provided it has the form "linear evolution + compact". 
As a corollary of this result we get a non-squeezing theorem for these PDEs. 
Then we apply this theorem to the BBM equation in section [3j We prove 
the global wellposedness of BBM equation on H^(T) for s > 0, and some 
estimates on the solutions. 

2. Symplectic capacities in Hilbert spaces and non-squeezing 

THEOREM 

2.1. The frame work and an abstract non-squeezing theorem. Let 

(Z, {■, ■)) be a real Hilbert space with {</? ■ /j > 1} a Hilbert basis. For n G N 
we denote Z'^ = Span({(^^/1 < j < n}), and H" : Z ^^ Z" the correspond- 
ing projector. We also denote Zn the space such that Z = Z" © Z„. Then, 
every z G Z admits the unique decomposition z = z"^ + Zn with z„ G Z„ and 

We define J : Z —^ Z the skewsymmetric linear operator by 

and we supply Z with a symplectic structure with the 2-form uj defined by 

We take a self-adjoint operator A, such that 
(1) Vj G Z, Aipf = X.ipf. 

Define the Hamiltonian 

f{z) = ^{Az,z)+h{z) 

where /i is a smooth function defined on Z x M. The corresponding Hamil- 
tonian equation has the form 

, , j z = JAz + JVh{z) 

^> \z{Q,.) = zoeZ 

If Z_ is a Hilbert space, we denote 

Z <Z^ 
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if Z is compactly embedded in Z_ and {ip- } is an orthogonal basis of Z_ 
(not an orthonormal one!). Clearly Z is dense in Z_. We identify Z and 
its dual Z* . Then (Z^)* can be identified with a subspace Z-|_ of Z and we 
have 

Z+<Z < Z_. 

Denote || • ||_ (resp. || ■ ||+) the norm of Z_ (resp. Z^). 

We also denote Bji{Z) the ball centered at the origin of radius R. 
We impose the following assumptions: 

(HI): The equation (^ defines a C^-smooth global flow map $ on 
Z. That is, for all zq (^ Z the equation ^ has a unique solution 
z{t) = ^t{zo) for t > 0, and the flow map ^t '■ zq h^ z{t) is C^- 
smooth. 

(H2): The flow map ^ is uniformely bounded. That is for each R > 
and T > 0, there exists R' = R'j^ j, such that 

MBR{Z))cBn,{Z), for|f|<r. 

(H3): Writing the flow map ^t = e (I + ^t), we also impose the 
following compactness assumption : fix i? > and T > 0, there 
exists Cr^t such that 

VucUq G Br{Z), ^riuo) - ^r('u-o) < Cr^t \\uo - uq\\^ . 

Under these assumptions, it is well known that the flow maps <l>t preserve 
the symplectic form. 

The aim of this section is to show the following non-squeezing theorem 

Theorem 2.1. Assume $t is the flow map of an equation of the form. (0) 
and satisfies the previous assumptions. If <^t sends a hall 

Br = {z ^ Z/\\z — z\\ < r}, z fixed 

into a cylinder 

CrJo = {z = ^Pj'Pt + ^J^j/ (Pjo - Pjof + (Qjo - Qjo? <Rf 

Jo,Pjo^Qjo fix(^d 
then r < R. 

In fact, this theorem is a simple version of the conservation of a symplectic 
capacity on Z by the flow map ^t (see subsection 12.3.21 below) 

Remark 2.2. This theoreme implies the following fact. Fiw e > 0, a time 
T > 0, a Fourier mode no and r > (no smallness conditions are imposed 
on r or r), then there exists uq € H^''^(T) such that 

||uo|li:/i/2 < r 
and 

\MT){no)\> 



(n2 + 1)1/4 
where u solves ([2]). 
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The non-squeezing theorem remains true if we don't suppose that the flow 
map is global in (HI), but the conclusion would be : 
either 

or 



sup \\u{t)\\jji/2 = +00. 

0<t<T 

So we impose the global wellposedness in time for (^ in order to rule out 
the second case. 

2.2. An approximation lemma. In order to define a capacity, we will 
need to approximate the flow by finite-dimentional maps. We shall use the 
following lemma 

Lemma 2.3. Let $ the flow at time T of an equation ^ satisfying the 
previous assumptions. For each e > and R > 0, there exists A^ € N such 
that for u G S/j .■ 

(3) <l>{n) = e'-'^{I + ^,){I + ^r^){n) 

where {I + ^s) o.iT'd {I + ^n) are symplectic diffeomorphisms satisfying 

(4) \\le{u)\\<e foruGiI + ^N){BR) 
(5) 

(/ + ^n) {u^ + Un) = (/ + $7v) (U^) + UN for U^ G Z^, UN G Zn- 

Proof. Recall that $ = e-^ (/ + <1>). First, we observe that for |i| < T, any 
R > and n, f G Bfi{Z) we have 

(6) $(u)-n^$(u) <ei{N) — > 0. 

Z 7V-i>+oo 

Indeed, as -ftT = \Ji^,^rp^[Br{Z)) is precompact in Z (by (H3)), then ([6]) 
results from the following statement 

sup \\u — n u\\ — y 0. 

Suppose that the convergence does not hold, then we can find a sequence 
(un) in K such that ||(/ — ![")«„ || > e > 0. As if is precompact there exists 
a subsequence {un^) such that Un^ — >• u. For rij sufficiently large we have 

||(/-n"0(n)|l <e/2, \\un^-u\\ <e/2. 

Hence \\{I — n"^)(unj)|| < £ and we get a contradiction. 

Now we set Hn = hoU^. Then VHn = n^V/iH^. We define $^ the 
time T flow of the equation 

(7) v = J{Av + VhN{v)) 

or, equivalently, v = v^ + vn ^ Z^ + Zn and 

v^ = J{Av^ + Yi^Vh{v^)) 
vn = JAvn 



We write $^ =e^-^^(/ + $ 



N 
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Since $7v = outside Z^ , ^^ has the desired form ([5]). Define 



$. 



$-$Ar [I + '^N 



SO we have 



TJA 



J'JA 



Next we estimate the difference $ — <I>iv. For u € Bfi{Z) we have 



$(«) - $7v(ti) 



< 



^{u)-U'^<^{u 



+ 



+ 



n^ci>(n)-n^$(n^w) 



Hence by ([6]) and assumption (H3), for u € Bji{Z) we have 



$(«) - $jv(m) < Ce{N) -^ 0, 

Z N—^+oo 



sofor uE (I + '^n) {Br{Z)) 

^e{u) < e(N) 



2.3. Symplectic capacities and non-squeezing theorem. 

2.3.1. Capacities in finite- dimentional space. Consider M^" supphed with 
the standard symplectic structure, that is u;{x,y) = {Jx,y) where 



J 



-/ 
/ 



For / : M?^ — )• M a smooth function we define the hamiltonian vectorfield 

Xf = JVf. 

Definition 2.4. Let O an open set of R^"^ j ^ C^iO) and m > 0. The 
function / is called m-admissible if 

• < /(x) < m for X £ O, and / vanishes on a nonempty open set of 
O, and f\do = m. 

• The set {z/f{z) < m} is bounded and the distance from this set to 
do is d{f) > 0. 

Following |B| we define the capacity C2n(C) of an open set O of M^" as 
C2n(0) = inf {m*/for each m > m^: and each m-admissible function f in O 
the vectorfield Xf has a non constant periodic solution of period < 1} . 

Theorem 2.5. C2n is a symplectic capacity, that is 

• if Old O2 then C2n{Ol) < C2n{02) 

and if if : O ^ M^" is a symplectic diffeomorphism then C2n{0) = 

C2niv{0)). 
. C2n{XO) = X^C2niO). 
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• C2n{Bi) = C2niCr,i) = TT where 

Br = {{P,q)/^ip] + q]) < r^} , and C,,i = {ip,q)/{pl + ql) < r^} . 

See [6] for a proof. An immediate consequence of this theorem is the 
non-squeezing theorem of M. Gromov [5] . 

Theorem 2.6. The ball By. can he symplecticaly embedded into the cylinder 
Cr,i if and only if r < R. 

2.3.2. Construction of a capacity on Hilbert spaces. In this section we define 
a symplectic capacity on Hilbert spaces which is invariant with respect to 
the flow of the equation ([2]). We will follow the construction of S. Kuksin 
(see m)- 

For O an open set of Z we denote O" = O n Z" and observe that dO"" C 
90nZ". 

Definition 2.7. Let / G C°°(0) and m > 0. The function / is called 
m-admissihle if 

• < f{x) < m for X € O, and / vanishes on a nonempty open set of 
O, and f\do = m. 

• The set {z/ f{z) < m} is bounded and the distance from this set to 
do is d{f) > 0. 

Remark 2.8. If / is m-admissible, denoting supp(/) = {z/O < f{z) < m} 
we have 

dist(/-i(o),ao)>d(/), 

dist(supp(/),90)>(i(/). 

Denote /„ = /lo" and consider Xf^ the corresponding hamiltonian vec- 
torfield on O". 

Definition 2.9. A T-periodic trajectory of Xf^ is called fast if it is not a 
stationnary point and T < 1. 

A m-admissible function / is called fast if there exists no (depending on 
/) such that for all n > uq the vectorfield Xf^ has a fast solution. 

Lemma 2.10. Each periodic trajectory of Xj^ is contained in supp{f)nZ^. 

Proof. Pick z S 0"\supp(/), fn takes either its minimal or maximal value in 
z, hence Xf^ (z) = 0. Therefore z is a stationnary point and a fast trajectory 
cannot pass through it. I 

We are now in position to define a capacity c. 

Definition 2.11. For an open set O of Z its capacity equals to 

c{0) = inf {?TT,,,/each ?TT,-admissible function with m > m-t, is fast} . 

Proposition 2.12. Assume that Oi, O2 and O are open sets of Z and 

(1) ifOi C O2 then c(Oi) < c(02) ; 

(2) c{\0) = \^c{0). 
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Proof. (1) Assume m < c(Oi), by definition of c there exists a m-admissible 
function / of Oi which is not fast. Hence, there exists a sequence (rij) — ?> +00 
such that for every j € N, Xf^ has no fast periodic trajectory. Define / on 

O2 by 

f{x) if X E d 



fix) — 

' m otherwise 

The function / is clearly m-admissible on ©2. 

By lemma 12.101 ^or each j £ N, each fast solution x{t) of Xj lies in 

supp/ n Z"j =supp/ n Z"j. Hence x{t) is a fast trajectory of Xf^^, (Xj 

and Xf^, are the same vectorfields on supp(/) by definition of supp(/)). 
Therefore, for each j £ N the vectorfield Xj of O2 has no fast trajectory. 

Hence / is m-admissible but is not fast. Thus 0(02) ^ ?7i, and the first 
assertion follows. 

(2) Define /^ = A^/(A~^-) on XO. Clearly / is m-admissible on O if and 
only if f"^ is A^m,-admissible on XO. Moreover z{t) € O" is a T-periodic 
trajectory of Xj^ if and only if Xz(t) € AO" is a T-periodic trajectory of 
X^A. Therefore c{XO) = X'^c{0). ■ 

Lemma 2.13. If F : Z —^ Z has the form 

F{z'' + z„) = F"(z") +zn z = z" + z„ G Z = Z" e Z, 

OTi/i -F" a symplectic diffeomorphism of Z^ , then c{0) = c{F{0)), for each 
open set O of Z . 

Proof. We observe that if / is m-admissible in F{0) and / is fast then f oF 
is m-admissible in O and foF is fast. Indeed F* : f >-^ foF clearly sends m- 
admissible functions in F(0) to similar ones in O, and for p > nit tranforms 
Xit^py into Xfp. Hence admissible and fast functions are preserved by F 
and its inverse [F is the identity outside of Z" which is a finite-dimentional 
space), and the result follows. ■ 

Proposition 2.14. For each open set O of Z and ^ in Z , we have 

c{O) = c{O + 0- 

Proof Denote O^ = O + ^. It is sufficient to prove that c(0) < c{0 + ^) 
(change ^ into — ^). 

Denote ^ = C°+^no e Z'^''+Zno (no will be fixed later) and d = 0-FC"°.By 
lemma [2iac(Oi) = c(0). We also remark that 0^ = 01+ Uo- 

Take any TTi-admissible function / on O^ with m > c{0). We wish to 
check that / is fast. 
Since dOf C dOi + ^„„ and ||^n|| — > 0, we have 

n— >-|-oo 

distidOudo^) < dist(90i,50i + eno) < null -^ 0. 

no— S-+00 

Pick no such that 

(8) dist{dOi,dO^)<Uno\\<ldif). 

We extend / outside O^ with f{z) = miiz^O^ and we denote / its 
restriction to Oi. 



8 DAVID ROUMEGOUX 

/ equals m on a d(/)-neighbourhood of dO^. By ([SD, we deduce that / 
equals m on a ^d(/)-neiglibourliood of dOi. 

By remark fLE\ we have dist{f''^{0),dO^) > d{f). Hence, by (I5]),we have 
dist(/~^(0), dOi) > ^d{f), and in particular / vanishes on a nonempty open 

set of Oi nO^ C Oi. Therefore / is m-admissible. 

Since c{Oi) = c{0) < m, it follows that Xr has a fast trajectory in 
O" if n > no is sufficiently large. By lemma 12.101 this trajectory lies in 
supp/ = supp/ C Oi n O. Hence this trajectory is a fast solution of Xj^, 
and the function / is fast. ■ 

If r = (rj)jgN* is a sequence of M!j_ U {+00} with < r = inf rj < +00, 

jeN* 

we define 

D{r) = lz = ^Vj^^ + qjVj / Vj G N, p'j + q] < r] 

[ +°° / +°° p2 + f^- 

E{r) =lz = Y,V,^^ + g,^- / E ^TT^ < 1 
t i=i / i=i J 

Remark that if r = (r, +00, . . . , +00), D{r) is a symplectic cylinder C^^i. 
Theorem 2.15. We have c{E{r)) = c{D{r)) = vrr^ 

Proof. We have to check the following inequalities 

(1) c{E{r)) > vrr^ 

(2) clD{r)) < vrr^ 

then we will conclude by proposition I2.12[ 

(1) It is sufficient to prove that c{Bi) > vr (then the result follows by 
proposition I2.12p . 

Define m = tt — e. Choose / : [0, 1] -^ IR+ satisfying : 

< f'{t) < vr for t G [0, 1] 

/(t) = for t near 

f{t) = m for t near 1 

Then, define H{x) = /(||a^|P) for x in B{1). H is ?7i-admissible. We want 
to prove that H is not fast. Consider 

Hn{x) = f "^{Pj + q]) , where x = "^{pjif^ + Qj^j)- 



Using the variables Ij = ^(p? + Q'?) and 9j = arctanl^j we observe 
that non-constant periodic solutions corresponding to this hamiltonian has 
a period T > 1. Hence Xh„ has no fast trajectory and H is not fast. 

(2) Denote O = D{r). Pick m > vrr^ and / a ?Ti-admissible function in 
O. Since /~"^(0) is not empty, there exists n such that /~^(0) fl Z" 7^ 0. 
Denote /„ = f\o^- Since 90" C 90, we deduce that fn equals m on a 
neighbourhood of OO". Hence fn is ?7i-admissible. 
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Since coniO^) = vr min r,- , we have 
i<i<n ■' 



C2n(C") — > vr inf r^ = vrr^ < m. 

Hence, for n sufficiently large C2n{0'^) < m. Therefore Xf^ has a fast 
periodic trajectory and the function / is fast. ■ 

Corollary 2.16. We have c{Br) = c(Cr,i) = vrr^, 

and for each hounded open set O of Z we have < c{0) < +00. 

The essential property of the capacity c is its invariance with respect to 
the flow maps of PDEs satisfying assumptions (HI), (H2) and (H3). In fact 
the non-squeezing theorem 12.11 is a consequence of the following result. 

Theorem 2.17. Let ^t the flow of an equation ^ satisfying the assump- 
tions (HI), (H2) and (H3). For any open set O of Z we have 

c{^t{0)) = c{0). 

Proof. Let us denote <1> = <1>t and Q = <1>(0). One easily checks that 
$~^ satisfies (HI), (H2) and (H3), therefore it is sufficient to prove that 
c{Q) < c{0). 

Take any m > c{0) and any / 77i-admissible in Q. We want to prove that 
/ is fast. 

Since / is m-admissible there exists R > such that supp/ C Br. Define 
R^ = R + d{f), Q' = Qn Br, and O' = $~HQ')- By assumption O' is 
bounded, hence there exists R' such that O' C Bri. Moreover we clearly 
have O' C O, thus by proposition 12.121 

(9) c(O') < c{0). 

We apply lemma [23] with N so large that e < ^d{f), and we use the 
notations of the lemma [2731: <1> = e^"^"^ (/ + $£)(/ + <!> at). We denote Oi and 
O2 the intermediate domains which arrise from the decomposition 

O' i±*^ Oi ^^ O2 ^^ Q'. 
We also denote 



/2= (/ 



o e 



TJA\ 



Observe that /2 is Tn-admissible on O2. Indeed / is ?7i-admissible on 
Q and also on Q' (by definition of Q'). Since e is an isometry, /2 is 
771-admissible. _ 

Then, we extend /2 as ni outside O2, and we denote / its restriction to Oi. 
By Q the e-neighbourhood of dOi is contained in the 2e-neighbourhood of 
d02. Since e < ^d{f), we deduce that / equals ?7i on a neighbourhood of 
dOi. Moreover f~^{0) = ^"^(O) C Oi n O2. Indeed by remark EJ 

dist{f^\0),dO2)>dif) 

anddist(a(!)i,a02) < -d{f). 
Hence / is Tn-admissible on Oi. 
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Using lemma 12.131 and ([9]) , we deduce that 

c(Oi) = c f (/ + $iv)(C')) = c{0') < c{0) < m. 



Hence / is tti- admissible on Oi and c{Oi) < m, thus / is fast. So for n 
sufficiently large, the vectorfield Xj (where /„ = f\o^) has a fast solution. 

By lemma [2?T0l this solution lies in supp/ and by remark \TE\ supp f =supp/2, 
so this solution is also a fast solution of Xfn (where /^ = /2|c'j)- Hence /2 
is fast too. Finally / is also fast (/2 = (/ o e^"^^ 



O2' 



3. Application to the BBM equation 
In this section we prove that the BBM equation 

ut + Ux + uux - Uxxt = 0, X G T 



"• u(0,x) = uq{x) 

is globally well-posed in i7*(T) for s > (we will follow the proof given in 
[2] for X G M) and has the non-squeezing property (theorem II. ip . 

3.1. Bilinear estimates. We start by two helpful inequalities. 

Let ^{k) = , ,2 and '^{D) the Fourier multiplier operator defined by 

:^{DJu{k) = ip{k)u{k). 

Lemma 3.1. Let u G H''{T) and v G H''' (J) with 0<r<s,0<r'<s 
and < 2s - r - r' < 1/4. Then 

\\ip{D){uv)\\fjs < Cr,r',s \\u\\h^ Ibll^r' 

Proof. We want to prove 



k 



By duality it is sufficient to prove 



<C\\u\ 



{ky mj,w) <C\\u\ 

l + k^ / (2 

that is 

/ = N^ k {ky^ mj{k)w{k) < C \\u\\^r \\v\\^r' 11^^11x2 . 

Let f{k) = {kYu(k), g{k) = {kf v{k) and h{k) = k {k)-^^^^''+'''~'^'^w{k). 
Since 

we have 

n\-3s+2r+2r' 

' = EE \L, ., fmk-i)h{k). 

We have —2s + r + r' < and —s + r < and —s + r' < so 

-3s + 2r + 2r' = -2s + r + r' + {-s + r') + r < r and -3s + 2r + 2r' < r'. 
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-3s+2r+2T-' 



{k) 



— is bounded for k and I in Z. Then (by Cauchy-Schwarz 



Hence 

{ly {k - 1) 

inequality and Young's inequality) 

I<Y.Y.f^^)9ik-l)Kk) 

^ WfWp \\g*h{--)\\i2 
^ ll/ll^a \\g\\(,2 ||/l||^i 



< 



k 



(1 + fc2)l+'^+^''-2« 

Since 2s — r — r' < 1/4 we have 1 + r + r' — 2s > 3/4. Hence 



(1 + kY+^+^' 



-2s 



< +CX). 



In subsection 13.31 we will use this lemma in the particular case r = r' = 
s > 0, that is 

\\if{D){uv)\\Hs < Cs \\u\\f^s \\v\\hs 

whereas in subsection 13.41 and 13.51 we will need the general case < r, r' < s. 

Lemma 3.2. Let u E H^{T) and v S H^(T) with < s < r and r > ^, then 

\\ip{D){uv)\\jjs+l < C \\u\\jjr \\v\\jjs ■ 

Proof. Since r > ^ and r > s > 0, the elements of H^(T) are multipliers in 
-fr*(T), which is to say 



\uv 



Ih" ~ ll'^ll//'' IpIIh" 



Hence 



\(p{D){uv)\\fjs 



s+l 



{kY^'k 



{kf 

^ II / 7 \ S -^^^ I 



uv 



uv\ 



H^ 






3.2. Hamiltonian formalism for BBM equation. Recall that BBM 
equation reads 

Ut + Ux+ UUx - Utxx = 0. 

Let us prove that BBM equation is a hamiltonian equation ([2|). 
First BBM can be written 

,2 



Ut 



u 



dx{l-di)-\u + -). 
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Denote Z = HJ (T) = |u € H^l'^ j Jrj, u = 0} with the following norm 



E 



fceA{o} 



-(«^ + ^fc) 



where a^ and 5^ are the (real) Fourier coefficients of u. 
Consider the Hilbert basis of Z given by 



^X{x) 



n 



7r(n2 + 1) 



cos(nx), </'n (2^) 



n 



7r(n2 + 1) 



sin(nx). 



We have Z+ = h]'''^' < h]'' < h]/^-' 
later. 
Define 



H{u) 



Z_, where e > will be fixed 



+ 



6 



dx, 



we have 



Assume 



u 



Vl2H{u) = n + 



W = X]P«Wv'n +9n(i) 



"Pn 



and 



Vl2H{u) = ^ a„v5+ + /3, 



V',, 



Denoting H{p,q) = H(^^pn{t)ip^ + qnit)fn) ^^ deduce that 

^^ /V7 Ut \ +\ II +l|2 "Q!„ 



and 



dH nf3„ 



Hence 



dqn 1 + n2 ' 
n 



-na 



so 



Pn 



+ n 



n/3„ dH 



2^^" +T^;;2'^n 



l + n2 



1 + 77.2 3g„_ 
—nan dH 



1 + n2 5p,i 



That is ti = JVzH{u). 
3.3. Verification of (HI). 
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3.3.1. Local well-posedness. Recall that (p{k) 
be written in the form : 



T+F'' 



the equation (fTO|) can 



(11) 



iut = Lp{D)u + \ip{D)u^ 
m(0, x) = no(x) 



Let e **'^(-'^) be the unitary group defining the associated free evolution. 
That is, e~'^^^^ 'uq solves the Cauchy problem 



(12) 



iut = Lp{D)u 
n(0, x) = uq{x) 



Then, (jlip may be rewritten as the integral equation 



u{t) 



e-^MO)^^ _ 1 



'*(*-")^(^V(D)(n(r)2)dT = A{u){t, •) 



Let X^ = C'^{[-T,T],H%T)). The H' norm is clearly preserved by the 
free evolution, thus 



(13) 



e~^*^(^)txo 



XI 



\H= 



Theorem 3.3. Let s > 0. For any uq G H'^{T), there exist a time T 
(depending on uq) and a unique solution u G X^ of \1(^) . The maximal 
existence time Tg has the property that 



T, > 



4Cs \Wo\\h'' 



with Cg the constant from lemma [Q] (in the special case r = r' = s). 

Moreover, for R > 0, let T denote a uniform existence time for Iil0\) with 
uq G Bii(H^{T)), then the map ^ : uq >-^ u is real-analytic from B^(H^{T)) 



to X^. 



Proof. Let R = 2||no||^s. For any u G Bfj{Xj.), by ([T3|) and lemma [3T] 
(with r = r' = s) we have 



\\A{u)\\ 



x^ 



< 



e-^*^(^)«o 



1 

x^^2 



<t-rMD)^^U^rf)dT 



x;t 



< \Wo\ 



< IKol 



CgT 



H^+ 2 



iX| 



H- 



+ 



CgT 



-Rl' 



< R 



for T 



CsR 



and for any u,v & Bj^{X^), by lemma [3T] (with r 



s) we have 



\\A{u)-A{v)\\^.< 



CgT 



\u — v\\vs \\u + v\\vs < CsTR\\u — v\ 



XI 



II"o|Ih-s 



Hence, ^ is a contraction mapping of Bji{X^) for T = 2c r — 4c \\u 
Thus A has a unique fixed point which is a solution of (jlOp on time interval 

[-r,r]. 
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Let us consider now the smoothness of ^. Let A : H^{T) x X^ — > Xj 
be defined as 



A{uo,v){t) = v{t) - e-«^^^^uo - - / e-'^''^>^^''>^{D){v{Ty)dT. 

2 Jo 

Due to lemme [3TT] (with r = r' = s), A is a smooth map from H'^{T) x Xj, 
to X^. Let u € X^ be the solution of ()10p with initial data uq € H^{T), 
which is to say A(no, u) = 0. Thus, the Frechet derivative of A with respect 
to the second variable is the linear map : 

A'{uo,u){t)[h] = h- /e-^(*-")^(^V(^)KT)/i(T))(ir. 
Jo 

Still by lemma EH we get 



t 





— ^ f/^ /v^^ 



So, for T' sufficiently small (depending only on ||u||j:^s), A'{uo,u){t) is in- 
vertible since it is of the form Id + K with 

II TfW ^ 1 

where ,B(X|,,, X|,,) is the Banach space of bounded linear operators on X^,. 
Thus ^ : Bji{H^(T)) — > X^ is real-analytic by Implicit Function Theorem. 



3.3.2. Global well-posedness. 

Theorem 3.4. The solution defined in theorem, \3.3\ is global in time. 

Proof. Fix T > 0. The aim is to show that corresponding to any initial 
data uo G H^, there is a unique solution of ([TO]) that lies in X|,. Because 
of theorem 13.31 this result is clear for data that is small enough in H^ , and 
it is sufficient to prove the existence of a solution corresponding to initial 
data of arbitrary size (uniqueness is a local issue). Fix uq € H'^ and let N 
be such that 

Y,{kf'\Mk)\'<T-\ 

\k\>N 

Such values of N exist since (fc)'^ |mo(^)| is in ^^- Define 

vo{x) = J2 e'"'^(A;). 

\k\>N 

By theorem 13.31 there exists a unique v G X^ solution of (jlOp with initial 
data vq. Split the initial data mq into two pieces: uq = vq + wq; and consider 
the following Cauchy problem (where v is now fixed) 

Q^x i Wt- Wxxt + Wx + WWx + {vw)x 

\ w{0,x) = wo{x) 

If there exists a solution w of ()14p in X^ then u + w will be a solution of 
CT in ^T- 
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First, wq is in H^(T) for all r > 0, in particular wq G H^{T). And (J14p 
may be rewritten as the integral equation 

w{t, x) = e-^*^(^)w;o -^ f e-''^^'^^^^^'^ ^{D){vw + w'^)dT = lC{w). 

2 Jo 

This problem can be solved locally in time on /7^(T) by the same arguments 
used to prove theorem 13.31 Indeed for any w S Bfi{Xg), by lemma [3?2] (with 
r = 1 and s = 0) and lemma [3TT] (with r = r' = s = 1) 

||/C(u')|l^i < WwoWhi + CS [\\v\\xo \\w\\xi + \\w\\xi) 
(15) <CS\\v\\xoR 



^s 



and for any wi and W2 in Bji(Xg) 
\\IC{wi) - IC{w2)\\xi 

< CS ( \\v\\yo \\wi - W2II vi + ll'W^l — '"^211 vl ll^fl + 'W^2|| vl ) 
\^ii ii^g iiyvg ii^g "^sj 

(16) <Cs(\\v\\xo +2R)\\wi-W2\\xi ■ 



Hence, by P^ and P^ . /C has a unique fixed point in Xg. Therefore we 
have a solution w in Xg for a small time S. 

If we have an a priori bound on the H^-noim of w showing it was bounded 
on the interval [— T, T] it would follow that a solution on [— T, T] could be 
obtained. 

The formal steps of this inequality are as folllows (the justification is 
made by regularizing). Multiply the equation p^ by w, integrate over T, 
and after integration by parts we get 

-— nw{t,x)'^ + Wx{t,x)'^) dx — v{t,x)w{t,x)wx{t,x)dx = 0. 
2 dt Jf Jf 

By Holder and Sobolev inequalities we deduce 

< ll^(ir)llL2 lk(*r)|lL- lkx(i, •)|Il2 
<C\\v{t,-)\\L,\\w{t,-)\\l,. 



v{t, x)w{t, x)wx{t, x)dx 

T 



Hence 



j^\\w{t,-)\\l,<2C\\v{t,-)\\^,\\w{t,.)\\l, 



and by Gronwall's inequality 

\\w{t,-)\\^i < ||u;o||j:^iexp ic / ||w(t, •) 11^2 (ir 

We deduce from this a priori bound that the solution w of ()14p exists on 
the interval [— T, T], and v + w \s a, solution of ()10p in X^. ■ 
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3.4. Verification of (H2). 

Proposition 3.5. For any T > 0, R > 0, and s > there exists R' such 
that 

VO < t < T,<^tiBRiH')) C BR,iH'). 

With s = 2 we deduce that ^ satisfies (H2). 

Proof. The result is clear for s > 1, so we assume that < s < 1. Fix 
T > 0, R > and uq in H^ such that ||tto||_H-s < R- Using the same idea as 
in theorem 13.41 split uq into two pieces uq = vq + wq, where 

\k\>N 

Using the same notations, let v be the solution of BBM equation with the 
initial data vq and w the solution of ()14p . We want to control v and w in 
iJ^-norm. 

Fix e > such that e < 1/8 and s — e > 0, we have 

\\vo\\h^-^ ^ ^^^ W'^oWh^ ■ 

We choose N = (-fr^) where C is the constant of lemma [3?T1 Hence we 
have 

\M\Hs-e<J^=M. 

By local theory (theorem 13. 3p the flow map 

is continuous. Since H^ n Bm{H^~^) is precompact in Bm{H'^~^) we have 

sup mva)\\xs-. = Ci{R,T). 

By lemma 13.11 with r = r' = s — e we have 

hWxs < \\vo\\Hs+CT\\vfx,., < R + CTCi{R,Tf = C2iR,T). 
The a priori bound on w gives 

\\wit)\\j^s < 11^1(^)11^1 < llwoll^iexp ic / ||v(r,-)||^2 fir 

<C3iR,T). 

Hence, we have 

M^s < C2{R,T) + C3{R,T) 



Corollary 3.6. For each T > and s > 0, the flow map ^ : H^ ^ X^ is 

real analytic. 

Proof. Let uq G H^, R = \\uq\\jjs and T > 0. By proposition l3.51 there exists 
R' such that <!>tiB2R{H')) C Bn'{H'), for ah t G [0,T]. And by local theory 
(theorem l3.3p there exists a small time r such that <& : Bji'{H'^) -^ X^ is real 
analytic. Splitting the time intervalle [0, T] into \J[kT, {k + 1)t], we deduce 
that $://*—)• X^ is real analytic. ■ 
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3.5. Verification of (H3). Recalll that <l> denote the non-hnear part of the 
flow, that is ^t = e"**'^'^-^) (/ + <l>t). The assumption (H3) results from 

Proposition 3.7. For any uq,vq G Bji{H'^''^{T)) we have the following 
estimate 

Ji.rj-1 

forO<e< 1/12. 

Proof. Let < e < ^, uq and vq in Br{H^''^). Denoting u and v the 
solutions of BBM equation with initial data uq and vq. By lemma [3?T] with 
s = ^ + e and r = ^ and r' = ^ — e and (H2) we have 

$i(no) - $t(i;o) 1/2+, < C"^ 11"" + ^ILi/2 Ih - ""1^1/2-^ 



I J, 



< 2CTR'^rp \\u — v\\^i/2-e 



Since mq and vq are in Br^H^''^) and <1> is C^ on Bji{H^''^) which is a 
relatively compact subset of ff ^ "~^ we have 



\U - v\\^l/2-e = \\^t{uo) - $f(fo)||^l/2- 






tuoeBfl(-ffi/2)nii'i/ 

< CR,T,e \\uo — Vo\\fji/2-e 



Hence, we can apply the non-squeezing theorem (theorem I2.ip and that 
proves the theorem ll.il 
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